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ABSTRACT. We find new proofs for the celebrated theorem of Keith and Zhong that a (1, p)-Poincaré inequal-
ity self-improves to a (1,p — €)-Poincaré inequality. The paper consists of two proofs, the second of which
identifies a novel characterization of Poincaré inequalities and uses it to give an entirely new proof which is
closely related to Muckenhoupt weights. This new characterization, and the alternative proof, demonstrate
a formal similarity between Muckenhoupt weights and Poincaré inequalities. The proofs we give are short
and somewhat more direct. With them we can give the first completely transparent bounds for the quantity
of self-improvement and the constants involved. We observe that the quantity of self-improvement is, for
large p, directly proportional to p, and inversely proportional to a power of the doubling constant and the
constant in the Poincaré inequality.
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1. INTRODUCTION

1.1. Outline. Our goal is two-fold. On the one hand, we wish to reprove a result by Keith and Zhong
on the self-improvement of Poincaré inequalities [15], and to give explicit bounds for the quantity of self-
improvement. Secondly, our goal is to draw attention to an intimate connection between the theory of
Muckenhoupt weights (see [20]) and Poincaré inequalities.

We were motivatived to re-investigate the beautiful and insightful proof of the Keith-Zhong result [15] for
a few reasons. Firstly, the original proof is somewhat non-intuitive. It proceeds by an abstract argument
estimating distributions of certain maximal functions where the relationships between different estimates is
only revealed at the very end. Further, extracting bounds from their proof seems very complicated. This
was done in [12], but the bounds seemed to deteriorate for large p. The bounds we obtain below are much
sharper and show that the improvement is directly proportional to p as p tends to infinity.
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2 SYLVESTER ERIKSSON-BIQUE

On the other hand, we have worked on more general applications of “self-improvement”-type methods,
where much of the machinery of the original proof of Keith and Zhong becomes unnecessary [7]. Our goal is
to understand whether the framework of [7] could be used to provide an even easier proof of the Keith-Zhong
result. However, to achieve this goal we need new techniques, because the paper in [7] does not give sharp
characterizations of Poincaré inequalities. More precisely, while those results are sharp in general, for several
classes of spaces better results can be obtained, and thus we needed to develop an understanding of different
characterizations.

These characterizations come in the flavor of Muckenhoupt-type conditions. Thus, an additional motiva-
tion of this paper is to study the formal similarity between Poincaré inequalities and Muckenhoupt weights.
This similarity was alluded to in our prior paper [7], but we wish to make this formal analogy more precise.
In the process, we obtain a new characterization of Poincaré-inequalities that clarifies the dependence of the
exponent. Additionally, the relationship to Muckenhoupt-weights has been observed previously as a way of
characterizing measures on R which admit Poincaré inequalities [3]. Thus, our results can be thought of as
weaker and higher dimensional analogues of such characterizations.

This new characterization allows us to give a self-improvement result for a connectivity condition similar
to the one introduced in [7], and which gives a rather different proof of Keith-Zhong self-improvement result,
which is quite similar to the proof of self-improvement for Muckenhoupt weights [20]. This proof also lends
to more transparent bounds for the quantity of self-improvement.

Similar results have been concurrently developed by other authors in [16]. Their methods yield more
general insights into self-improvement phenomena, while this write up is restricted to classical Poincaré in-
equalities. Also, a careful examination of their paper seems to lead to similar bounds for the self-improvement.

We would also like to mention the recent work of Lukas Maly on types of Lorentz-Poincaré inequali-
ties without self-improvement, and general conditions for self-improvement for various types of Poincaré
inequalities. This has yet to be published. Finally, we mention the thesis of Dejarnette [6], where he refines
techniques of Keith and Zhong to prove self-improvement results for Orlicz-Poincaré inequalities.

To state the results, we will need the following terminology. For simplicity, we will consistently work with
a proper metric measure spaces (X, d, u) with a locally finite measure (i.e. pu(B(z,7)) < oo for all open balls
B(z,r) C X).

Definition 1.1. A proper metric measure space (X,d, ) with a o-finite Borel measure p is said to be
D-doubling if for all 0 < r and any z € X we have

p(B(x,2r))
w(B(z,r))
The average of a measurable function f: X — R on a metric measure space (X,d, u) over a set A, with

0 < u(A) < o0, is denoted by
][ f = 1 / f dA,

when it makes sense, and it’s local (upper) Lipschitz constant is defined as
. . [f(z) — f(v)]
Lip f(x) = limsup ————=—.
@) y—T d(z,y)

If B = B(x,r) is a ball, we denote CB = B(x,Cr) (despite the ambiguity that a ball as a set may not be
uniquely defined by a center and a radius).

(1.2) < D.

Definition 1.3. Let 1 < p < oo be given. A proper metric measure space (X, d, 1) with a Radon measure
and supp(p) = X is said to satisfy a (1, p)-Poincaré inequality (with constants (C,Cpy)) if for all Lipschitz
functions f and all z € X,0 < r we have for B = B(z, )
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][ |f = fBldu < Cprr (][ Lip fpdu> '
B cB

This inequality could be expressed in different generalities, but we choose this simple expression as it is
sufficient. For a detailed discussion of these issues we refer to [14, 9, 10].

By an application of Holder’s inequality, we can see that for smaller p the (1,p)-Poincaré inequality
becomes stronger. Thus, the main result of Keith-Zhong, that on a doubling complete metric measure space
a (1, p)-Poincaré inequality implies a (1, p — €)-Poincaré inequality, is called a self-improvement result. For
a more detailed discussion of the background and motivation we refer to [15, 7].

Theorem 1.4 (Keith-Zhong [15]). Let (X,d, ) be a proper D-doubling metric measure space with a (1,p)-
Poincaré inequality with constants (C,Cpyr). There exists a €(D,p,Cpr) > 0 such that for any 0 < € <
e(D,p,Cpr) the space admits a (1,p — €)-Poincaré inequality with constants C' = C'(D,Cpy,€),Cp; =
Cpr(D,p,Cpr,€).

We can use the following bound for geodesic spaces when C' =1,

p
Dop O = ey D)7 4 1
for p when 2?7 > D3. Bounds for smaller p are presented below in (4.32), but they are slightly more
complicated.

Letting p — oo, we obtain the asymptotic estimate for the improvement Qgciﬁ. This is, naturally, not
a tight bound. Note that this estimate means that for larger p the improvement in Keith-Zhong becomes
larger, and in fact is linearly proportional to it. We remark, that sharp bounds for the self-improvement of
Muckenhoupt-weights have been studied in [13], as well as the references mentioned therein.

We present two approaches to Theorem 1.4. First, in Section 3 we modify the proof in [15] to use an
induction argument, which we feel is more direct. The bounds obtained are made explicit, and are somewhat
worse than the bounds we obtain at the end of the paper. Following this proof, in Section 4, we introduce a
new notion of A,-connectivity (see Definition 4.1), and p-max connectivity (see Definition 4.7).

Theorem 1.5. For a proper metric measure space (X, d, u) which is D-doubling the following conditions
are equivalent.

(1) X satisfies a (1,p)-Poincaré inequality and is D-doubling for some D > 0.
(2) There is a constant X such that for every continuous f and any upper gradient g for f, then there
is a constant C' such that for all z,y € X

() = F)] < Cle =yl (Men(g())F + Men(g(y)") )
(3) X is A,-connected.

These characterizations can be used to prove a Keith-Zhong-type result for connectivity, which by the
previous theorem is equivalent to the self-improvement result for Poincaré inequalities.

Theorem 1.6. If (X,d, 1) is proper A,-connected (with constants C,C") D-doubling metric measure space,
then it is A,_.-connected for all 0 < ¢ < ¢(C,C’,p) with constants depending on €,C,C", p.

Acknowledgments: I thank my adviser Professor Bruce Kleiner for discussing similar topics, especially in
relation to the previous paper [7]. T also thank Professor Juha Kinnunen and Antti Vihdkangas for discussing
their related work in [16], and for presenting many interesting problems related to this work. This research
has been supported by NSF graduate fellowship DGE-1342536.
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2. PRELIMINARY LEMMAS

Throughout this paper we will assume that (X, d, ) is a proper metric measure space equipped with a
Radon measure p.
We also need a notion of a curve fragment. For more details on them see [2, 19, 7].

Definition 2.1. A curve fragment in a metric space (X,d) is a Lipschitz map v: K — X, where K C R
is compact. For simplicity, we translate the set so that min(K) = 0. We say the curve fragment connects
points z and y if v(0) = z, y(max(K)) = y. Further, define Undef(y) = [0, max(K)]\ K. If K = [0, max(K)]
is an interval we simply call v a curve.

The length of a curve fragment is defined as

(2.2) Len(v) = sup » d(v(wi1), ().

z1<-<awn€K T

Since v is assumed to be Lipschitz we have Len(y) < LIP (y) max(K).
Analogous to curves we can define an integral over a curve fragment v: K — X. Denote

n
(2.3) o(t) = sup > d(y(@isr), (@)
1 <<z, €KN[0,E] T
The function o|k is Lipschitz on K. Thus, it is differentiable for almost every density point ¢ € K and for
such ¢ we set d(t) = o’(t) and call it the metric derivative (see [1] and [2]). We define an integral of a Borel
function g as follows

[aas= [ atoy-aoa

when the right-hand side makes sense. This is true, for example, if g is bounded from below or above.

By a gap of a curve fragment v: K — X we mean a maximal bounded open interval (a,b) in the
complement of R\ K. There are at most countably many such gaps. By a geodesic metric space X we
mean one where between each pair x,y € X there is a rectifiable curve v connecting x to y such that
Len(y) = d(z,y).

If f is a continuous function on X, we call g an upper gradient for f if for every z,y € X, and any
rectifiable curve connecting = to y we have

F(z) — Fy)] < / g ds.

2l
We define a maximal-type operator that measures the oscillation of a locally integrable function f (see
also [15]). Fix a scale parameter s and a subset C' C X and define

1
MIof() = sup o f = fBs)| dp
z€B(y,r) 45 JB(z,s)
0<r<s
yeC

The following lemma is standard, but we recall the proof for the sake of completeness (see [15] and [12]).

Lemma 2.4. Let k > 5. Assume that (X, d, 1) is a D-doubling and geodesic metric measure, and f: X — R
is a Lipschitz function such that for a ball B = B(x,r) C X we have
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1
2—f|f—f3\du3M.
"JB

If v,w € B(x,r) are such that Mf;k pf(w) <M and Mf;k pf(w) < M, then

() = f(w)] < 2° DM d(z, y).
Proof: The proof uses a standard telescoping argument, such as in [10, Chapters 4 & 5] and [9]. There
are two cases d(v,w) < 5 and d(z,y) > 5. In the first case define B; = B(v,d(v,w)27%) for i > 0, and
B; = B(w,d(v, w)2'*%) for i < —1. Let r; be the radius of B;. Since the space is geodesic the intersection
B; N B;11 always contains a ball of radius max {r;/2,r;11/2}. We get by the assumption and doubling that
|fBi - fBi+1| < 23_‘7'|D3Md<.’1,‘,y)
Next a standard telescoping argument combined with the assumption on ij kB f, doubling and continuity
gives
f(v) = f(w)] <Y 2D Md(x,y) = 2°D* Md(v, w).
i€l

If d(v,w) > r/(2k), define By = B(z,r), B; = B(v,r2'7%/k) for i > 1, and B; = B(w,r2'*¢/k) for
i < —1. Denote by r; the radius of B;. Since we are in a geodesic metric space, there is always a ball of
radius max {r;/(2k),r;+1/(2k)} in B; N B;11. Again, we get

|fBi - fBi+1| < 237‘illDlOg?(lc)Jrgj\fd(’U7 UJ)
Thus,
|f(v) — f(w)] < Z237\i|D1°g2(k)+3Md(v,w) — 25 D108 +3 11 (. ).
i€Z

The following lemma follows easily from the triangle inequality.

Lemma 2.5. Let (X,d,u) be a D doubling metric measure space, f a locally integrable function, and
B = B(x,r). Then for any a € R

1 1
o 1= Tl dn < 17 =l d.

We will also use a standard covering theorem from harmonic analysis (see e.g. [20, 8]).

Theorem 2.6. (Vitali covering theorem) Let X be a metric space, E C X a subset and B be a collection of
balls B(x;,r;) for i € I for some index set I (possibly uncountable) and 0 < r; < D for a fixed D > 0 and
all i € I. Assume that they cover E:

Ec |J B

BeB
Then there exists a sub-collection B’ C B of disjoint balls, i.e. BNB' =0 for any B, B’ € B' if B # B’, and

Ec | 8B
BeB’
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We also need some maximal function estimates. First recall, for 1 < p < oo we define the usual class of
locally integrable functions

loc

P = { f measurable

/ [fIP dp < 00, VB(z,7r) C X 7.
B(z,r)

Definition 2.7. Let f € Li . Define the (centered) maximal function at scale r as

loc*
sup ][ f dpu.
0<s<r J B(z,s)

If the subscript is dropped we obtain the Hardy-Littlewood maximal function.

M, f(x)

Mf@%=wqé()fdw

0<s
We have the following weak L!-distributional inequality. Its proof is contained in [20].

Theorem 2.8. (Mazimal function estimate) Let (X,d, ) be a D-measure doubling metric measure space
and s > 0 and B(z,r) C X arbitrary, then for any non-negative f € L' and X\ > 0 we have

3 .}13 x,r+s Lt
and thus ’07 any ]. <p < o0

M fll ey < CD, ) fllLeu)-

We also need a different type of Maximal function estimate, whose proof is similar to the previous theorem,
but with an additional observation. It is a “multi-scale” version of the previous inequality.

Lemma 2.9. (Maz-mazx estimate) Let (X,d, ) be a D-measure doubling metric measure space and C C
X, R > 0,\ > D3 be arbitrary. Let h be any locally integrable non-negative Borel-function such that h(z) = 0
for all z & (.ce B(c, R), and define A = sup,cc Mph(x) and the set Ex = {z|Mrh(z) > AA}. We have the
following estimate for every c € C.

D4
(2.10) MRlg, () < By

Proof: Let ¢ € C and 0 < s < R be arbitrary. Using Theorem 2.6, cover the set B(c, s)NE) with a collection
of balls B = {B(z;,8r;)} such that B(x;,r;) are disjoint, z; € Ex N B(c,s), 0 < r; < R and

][ hdp > AA.
B(:L’i,’l‘i)

We first observe that r; < s, for otherwise

1
A> ][ hdp > : / h du
B(c¢,min(2r;,R)) N“(B(Cv mln(2’ri7 R))) B(xi,r:)

1 ][ AA
> = hdp> =5
D2 B(Z.L ,Ti) D2
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This is a contradiction because A > D3. Thus r; < s. Therefore, we get

][ g, dp < ZB(M@M)EB w(B(xi, 87;))
B(c,s) g N /L(B(c, 5))
< D3 23(9011787"1:)68 w(B(zs,7:))
- n(B(c, s))
< ng ZB(mi,&"i)eB fB(i’iﬂ“i) h du
oM w(B(c,s))
< g& fB(c,min(2s7R)) h du
= 2\ w(B(c,s))
D4 D4
S hdp < —
AA B(c,min(2s,R)) A

Taking a supremum over 0 < s < R and noting that c is arbitrary completes the proof.

3. FIRST PROOF

We will rephrase the argument in [15] as a proof by induction on scales. For oscillations comparable to
LIP f the result is trivial. Further if the oscillations in a given ball are comparable to LIP fM ~"™ for some
n > 1 we use a dichotomy. Either the oscillations are caused by larger oscillations over a significant portion
of the set, or on most scales and locations the oscillations are small. In the first case the result follows
since we already have established a Poincaré inequality when oscillations are larger. In the second case
we are able to cut off the high oscillations and obtain a Poincaré inequality by applying a better Lipschitz
estimate obtained from Lemma 2.4. One of the main advantages of our approach is that the proof we get
is significantly shorter, and also avoids a non-trivial and technical extension theorem used in [15]. This
extension lemma was also avoided in the concurrent work [16].

Theorem 3.1. (Keith-Zhong) Let (X,d, ) be a D-doubling metric measure space with a (1,p)-Poincaré
inequality with constants (C,Cpr). There exists a €(D,p,Cpr) such that for any 0 < € < €(D,p,Cpr)
the space (X,d, 1) also satisfies a (1,p — €)-Poincaré inequality with constant C' = C'(C,p,Cpy,€),Cp; =
C}aI(D,p,Cp[,E).

Proof: By [4] we know that X is L-quasiconvex, and thus we can deform the metric in an L-bi-Lipschitz
way to get a geodesic metric measure space. Once that is done, we can use [9] to self-improve the inequality
to the form where C = 1. Thus, we assume for now that C' = 1 and that the space is geodesic. This will
affect the constants obtained in the end by a factor of L, and the dependence in [9]. In other words, assume
the Poincaré inequality in the following form

][ |f - fB(LE7’I‘)| d,UJ < Cprr <f Llp fp d#)
B(z,r) B(z,r)

where B(z,r) is an arbitrary ball, and f is an arbitrary Lipschitz function.

Our argument will proceed inductively down from the scale of LIP f. Consider fixed parameters M >
2,Cpby, N > 1 and fix ¢ < p close enough to p, which are chosen to satisfy inequalities determined below.
We will aim to prove that for any Lipschitz function f and any ball B(z,r) we have

P
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a

][ \f = fBGn| du < 2Cpr (7[ Lip f4 du)
B(z,r) B(z,107)

Notice that we enlarge the ball on the right by a factor of ten. This factor can be removed by applying
a result from [9, 14]. We will prove the result by induction on the scale of oscillation. Thus consider the
following proposition, which consists of the same inequality but with an additional constraint. We need to
show for every non-negative integer n the following statement.

Pn : For all Lipschitz functions f and all balls B(x,r)

LIP f 1 LIP f
_— — — dp < .
Mrtt 2r B(z,r) d fB(m7T)| = Mr

=

LIP f ][ .
= < Lip f* du
CEDIMTL < B(z,107)
For simplicity, scale LIP f =1 and denote

][ Lip fPdu| = A.
B(z,107)

1 1
Lo - du.
M < 2% ]i(zm) |f fB(m,r)| 1%

Using the (1, p)-Poincaré inequality we get

1
< Lip f? d
MOPI - (][B(rr) P f u)

Further we get by the Lipschitz bound Lip f < 1:

=

Base case n =0, i.e. Py: We have

=

1
(7[ Lip f? du) < <][ Lip f1 du) :
B(z,r) B(z,r)
Thus

1 ][ ¢
— < Lip f9du | .
D%MP/‘IC’%‘] ( B(z,107)

If Cl,; > MP/9CY/ A D7 the desired inequality follows.
Assume Py for k < n and show P,: Take an arbitrary Lipschitz function f and a ball B(z,r) such that

1 1 1
3.2 —_— < — — dpy < —.
( ) Mn+l < 2 é(Lm |f fB(a:,’r)| H = Mn

Our main argument is that either significantly larger oscillations occur at a significant portion of the
measure, or they can be cut off. First we define rigorously what we mean by the sets of large oscillations.



SELF-IMPROVEMENT AND CONNECTIVITY 9

Fix K = 2D and an integer N. For each i = 1,..., N define B; to be the set of balls B(z,s) with the
following properties.

z € B(z,2r)
[ ]
1 1
— — dy > ———
2s B(z,s) d fB($’3)| a Mn+l=i
°
r
s < —
)

Define the sets of large oscillation as:

U, = UB.

BeB;

Note that U; C U; for i > j. There are two cases, either one of the p(U;) is large or all of them are small,
relative to the size of u(B(x,r)). Start with assuming that the size is above a certain threshold.

Case for some i = 1,..., N we have u(U;) > D3KM~%u(B): By Theorem 2.6 we can take a sub-
collection B; C B; such that U C (pep 808 and if with B, B’ € B; are distinct, then 10BN 108" = (). We
get

> u(10B) > > D*u(80B)

BeB, BeB,
> D7PuU) > KM~ u(B(x,7)).
By the induction hypothesis for each B € B

q 1
Lip f¢ du> PO —
(]L;OB CprMn—t

But also by disjointness

(3.3) > / Lip f¢ du < / Lip f7 dpu.
Bep! /10B B(z,107)
Finally, combining these estimates with doubling we get the following.
1
Lip fYdp > e ©(10B)

B%:s; /103 Cppt M= 322

1
> WKM(B(xaT>)

1

The choice of K = 2D° was used on the last line. The previous estimate combined with Estimate (3.3)
gives
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1
1 ][ B
< Lip fdp |
M"Chp; < B(z,10r)

which completes the proof with the assumption (3.2).

Case u(U;) < D3 KM% u(B(z,r)) for all i = 1,..., N: First we obtain a “better” Lipschitz bound. For
any x ¢ U; N B(x,2r) and any ball B(z,s) containing x with 0 < s < r/5 and 2z € B(x, 2r) we have

1

2s B(z,
Thus if we define f; = f|p(z,2:)\v; we have by Lemma 2.4 that f; is 2°D7 M "~ !**-Lipschitz on B(z,2r)\U;.

We can extend f; to fit X — Rbe 25D7"M "1+ Lipschitz on all of X. Further we have, almost everywhere,
Lip f; < Lip f|p@2r\uv, 1x\v; + 25DTM 1441y We define an average of these functions by

1 N
h:N;ﬁ.

1
0 |f - fB(z,s)| dp < A=

Then

N
: : 1 —n—1+1%
Lip h < Lip flpan\os + 5 > 2D M,
i=1
Then, integrating over B(x,2r), using the assumption u(U;) < D3KM~%u(B(z,r)) and the property
U; C U; for i > j we can compute the following:

N 9Tp+1 )Tp+4

1 ‘ ,
Lip W dp < 2P / Lip fPdu+Yy ———— MPM O MEDP
]iB 1(2B) Jp(z2r\Un ; NP
N
MN(P—9)97p+1 7p+4
< 2p7[ Lip fPdu + KMGEn—1p
2B\Un ; NP
< 903 pT(r—a) M—(n+1—N><p—q>][ Lip fidy
2B\Un
MN(P—9)97p+1 N)7p+4
—(n+1)p
(3.5) + N1 KM .

Note that Lip f < 2°D"M~"~'*¥ almost everywhere on 2B\ Uy.

Making N a large fixed number and choosing g very close to p, the second term can be made arbitrarily
small. This will allow us to estimate from below certain oscillations of f. To show that h has large oscillations
we will prove that outside of U; there are still large oscillations of f. In other words we will prove

1 1
< - dp.
25 DIM "+ = 4rp(2B) /QB\Ul |f = famvun| dn

Assume for simplicity that fog\y, = 0. Using again theorem 2.6 we can cover U N B(z,r) with balls
E; = B(x;,5r;) C B(x,2r) such that B(x;,r;) are disjoint, u(B(x;,r;) NUy) = M and r; < gz. This
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is possible by continuity of measure and because for any y € B(z,2r) and any s > 5z we have
(B (y,s)) > D™ u(B(x,r)) > p(U) DO K~ M.
Choosing M such that M? > 4K D'® = 8D'®, which occurs when

(3.6) (8D')7 < M.

Then we have

(B (y,s)) = 4p(Us N B(y, ),
and B(y, s) is not in the cover. On the other hand U is open, so for any y € U; we have a s small enough
with
1 (B(y,s)) = (U N B(y, s)).
By continuity of the measure! there exists an s with the desired equality
u(B(wi, 7))
5 .
Define E = B(x;,r;) \ U. Since E; N Uf # () and by the definition of Uy, we have

/J(B(.Ti, T‘i) N Ul) =

1073 M n’
Using doubling, the covering properties and Lemma 2.5 we get the following.
1 1
_ < = d
Mn+1 — 27, B(z,r) |f| /’L
1
<

1
d e — d
2B ) /UIOBM'” (B, >>/B(M>\U1 71 di

< ) 2 1 Teel i gy 2 Vel dn
+QW(BI( 7)) /B(:v,r)\Ul 171 i
S BT Z/ 1 Il % )
3 s ) 4
= ru(éj(jmm)) ; - ﬂfl ! TM(B2(?U727")) /B(z,2r)\U1 7] dy
_ 20D0] 2D

d
M(B) T rp(2B) /wwl 7] du

20D°KM~—¢ 2D*
< T |fl dp
r QB\Ul

Assume next 40DYKM~9=" < M~"~1. This is possible if ¢ > 1 and (by the choice of K)
_1
(80D") T < M.

1By an argument in [5] in s, the function g,: s — u(B(z,s)) is continuous with an efficient bound on the modulus of
continuity. For a similar argument see also the book [12].
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Thus we can absorb the first term on the bottom row to the left-hand side and obtain the following

1 2D*
. — < — d
(37) ST S Lo,

which gives the desired estimate
e S s L 1 fewld
25DAM™ L = 8rp(2B\ Uy) 2B\D, 2B\U; | OH-
By assuming (3.6), we have KD3M~% < 1. Thus, we get u(U1) < su(B(z,r)) < 2u(B(z,2r)) and thus for
h = fap\v,

1 1
. P —— - du < — h—h du.
(3.8) 8ru(2B\U1) /QB\U1 |f f2B\U1| "= r ][| 2| dp

In particular, combining (3.7) and (3.8) we get

1 1

— h—h duy > ———

4r][| 26 db 2 Grpiy e
By the (1, p)-PI inequality

1
o BP
27 CP, DA MP(n+1) < sz Lip hdp.
Combining this with the estimate for Lip A in (3.5) we see that

1
< 26p75qD7(p7q)M*(nJrlfN)(pﬂI)][ Lip fd
27PC£ID4PMP("+1) - 2B\Ux ip fhdp
MNP=a)97p+1 [)Tp+4
—(n+1)p
+ N1 KM .
If
MN(pfq)27p+1D7p+4 1
Np—1 = 27 +1CY, DA’

we can absorb the second term to the left-hand side. This can be attained by first fixing N large, and then
taking g very close to p. See the discussion below for exact bounds. Using this we get

1
27p+1(j§';ID4pMp(n+1) <

26p—54 p7(p=a) py—~(n+1-N)(p—a) ][ Lip fdp
2B\Un

IN

96p—54+1 )7(p—a)+3 py—(n+1)(p—a) s N(p—q) ][ Lip f? dp.
10B
Moving terms around, we get

1
1 q
213p*5q+201131D4;D+7(p7q)+3MN(p7q)Mq(n+1) < 7{03 Lip f9 dp.

If
q 4p—5q+ 14 p—T7q+3 i [N P—q
C;:r >2 CP[Dl ( )7
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the result follows once we check that its possible to choose M, ¢, N, C%; so that the required six inequalities

hold. This is done in the final step.

Choosing parameters:
We have six inequalities that need to be satisfied for the aforementioned proof.

(1) Cp; > MECY DY

(2) M >2

(3) M > (22D1%)4

(4) M (80D15)Ti1

(5) 27:0+1Cp D4IJ Z M q)l\?;ptzDu)er

(6) C’q > 214p—5q+lchD11p 7q¢+3 gy N(p—q)

Since we do not expect the Poincaré to improve much, and we only want rough bounds, we will assume
g—1>(p—1)/2, and set

(3.9) M = max (2, (Qlee)ﬁ>

to guarantee the lower bounds for M.
Next, we choose N and ¢ in order to get the fourth estimate. Taking a power 1/p on both sides and
re-arranging terms gives
1 MQ—a/p)N
914+3/p \[C'py D11+14/p = N1-1/p
This is satisfied if N1=1/P > 215+3/p \1C'p; DMH14/P9 and M—9/P)N < 2. First, choose

_p
(3.10) N = (215+3/pMCPID11+14/p) =

Then, choose ¢ close enough to p so that M1=9/P)N < 2 This is possible if
p
3.11 —g< ————.
34y P79 log, (DN
Finally, we can choose C’; to satisfy the first and fifth inequality.
(3.12) C};I _ Mp/qC;;/Iquf)Qso < 231+14/(p—1)D32/(p—1)C}P;/Iq
a

Finally, to understand the asymptotics as p — oo, we can choose M = 2, once p is sufficiently large.
P
Then, for p > 4 we can set N = (2'°Cp;D'?) 77, Finally, this gives the bound

I
(216C'p; D12) =T

That is, asymptotically, the improvement is linearly proportional to p, with ratio W. In other
words, for larger p the improvement is greater.

p—q<€eD,p,Cpr) =
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If p is not sufficiently large, then the bounds become more complex, and we can set
M = ol+14/(p—1) p32/(p—1)

P

N — (218+15/(p71)D15+42/(p—1)CPI> -1

and
p

(1 + 0+ logz(D)i’%) (218+14/(;071)D15+42/(;D71)CP1)% '

p—

6(D7p7 CPI) -

4. RELATION TO CONNECTIVITY
We will use the following definition of Ap,-connectivity.

Definition 4.1. Let C,C’ > 0,p > 1. We say that a metric measure space (X, d, ) is Ap-connected (with
constants (C,C")) if for every 7 > 0 and every z,y € X with d(z,y) = r > 0, and every Borel-measurable
and non-negative g, there exists a L > 0 and a 1-Lipschitz curve v: [0, L] — X such that

(1) 7(0) ==
(2) v(L) =y
(3) Len(y) < Cr
(4)
)

/g = (Mcr(gp)(x)% + MCT(QP)(Z/)%>

We choose the term A,-connected to draw an analogy to the definition of Ap-weights. We say p € A, (),
where X is Lebesgue measure on R” if one of the following equivalent conditions holds.

(1) Maximal function bound. There is a constant C' > 0 such that for every f € LP we have

(4.3) ( sy du)‘l’ <c < [ du) :

(2) Integral bound. u = wA, where w,w!~P are locally integrable and there is a C' > 0 such that for
every ball B(z,r)

(4.4) (]iw dA) (]i w'™P dx)pll <C

(3) Average bound. For some C' > 0 and for any f locally integrable and any ball B(z,r)

(4.5) ]{Bf dAgC’(MSB)/Bf”w d/\>117.

Further, all of these imply that a quantitative absolute continuity holds. By this, we mean that there is
a constant C' > 0 such that for all B(z,r) and all E C B(x,r) we have

1
(4.6) _ME) <C <“(E)> "
A(B(z,7)) u(B(z,r))

It is subtle, that this quantitative absolute continuity is not equivalent to being an A,-weight. In fact, by
work in [17, 18] the condition (4.6) characterizes so called A, ;-weights. While the A,-conditions characterize
boundedness of the Hardy-Littlewood maximal function M from L? to LP, the A, 1-condition characterizes
boundedness from LP — LP*°. It is known, that A, C A, strictly. Further, the A, ;-condition does not
improve to A, 1 for any ¢ < p.
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Our definition of A,-connected is analogous to the average bound (4.5). Namely, replace A by H!|, and
the right-hand side by a maximal function bound. The measure 7—[% is the 1-dimensional Hausdorff measure
on the image of . The formal difference is that the A,-connectivity additionally presumed the ezxistence of
some curve 7 such that the estimate holds. In a sense, the A,-connectivity is an A,-weight with respect to
one-dimensional Hausdorff measure on some curve.

The analogue of (4.4) is a (1, p)-Poincaré inequality, and the analogues of (4.6) is the following notion
of p-max connectivity. There does not seem to be a natural analogy for the estimate (4.4), and we leave it
open if there is any estimate related to Poincaré inequalities which plays the same role.

Definition 4.7. Let C,C’ > 0,p > 1. We say that a metric measure space (X,d, u) is p-max-connected
(with constants (C, C")) if for every 7 > 0 and every x,y € X with d(z,y) = r, and every Borel-measurable E
such that M, (1g)(z) < 7 and Me.(1g)(y) < 7, there exists a L > 0 and a 1-Lipshitz curve v: [0,L] — X
such that?

(1) 7(0) =z
(2) 1(L) =y
(3) Len(y) < Cr
(4)
)

(4.8 / 1g ds < C'ror.
Y

Theorem 4.9. For a proper metric measure space (X,d, ) the following conditions are equivalent.

(1) X satisfies a (1,p)-Poincaré inequality and is D-doubling for some D > 0.
(2) If g is a weak upper gradient for a continuous f, then there is a constant C such that for all x,y € X

() = F)] < Cle =yl (Men(g())7 + Mer(g(y)") )
(3) X is A,-connected.

Proof: That the first and second are equivalent follows from a classical result, which is presented for example
in [11, Lemma 5.15]. On the other hand the third condition implies the second, since it implies the existence
of a curve connecting x to y where the integral is controlled by the desired quantity. It remains to show that
the first two conditions imply the last one.

Assume thus that (X, d, 1) satisfies a (1, p)-Poincaré inequality and the second condition, and let g be an
arbitrary non-negative Borel-function such that gP is locally integrable and fix z,y € X. To fix constants,
assume the Poincaré inequality in the form

1
P
F 1 = faldn < Crrr (][ Lip f”du)
B B
and the second condition as

(@) = F()| < Cloe = y| (Men(g(@)")F + Mer (9(y)")

B =

)

We will construct v such that
Len(vy) < 5Cd(z,y)
and

2If we chose to use curve fragments, we could instead quantify the sizes of gaps and assume that v avoids the set E. Such
variants of these definitions are discussed in [7].
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1 1
[ 9 ds < aCda,y) (Mer(g)()? + Moy (@) w)?) .
~
First, take a lower semi-continuous g > g such that

_ 1 _ 1 1 1
(4.10) Me(9°) ()7 + Mer(g)(y)? < 2Mer(g°)(2) + 2Mor(97)(y)”
This is possible by a standard approximation argument applied to g restricted on different annuli. Next,
define for every N > 0 and € > 0 a function gy = min(g + €, N). Then

(4-11) My (@) ()7 + Mor(@ne) )P < 2Mer(7)(@)7 +2Mo(g7)(y) + 2¢.

Now, define for z € X the set I';, . as the set of all rectifiable curves starting at  and ending at z. Further,
define a function by

(4.12) Fne(z) = inf /gT)e ds.
Y

Y€, 2

This function is bounded and continuous, since PI-spaces are L-quasiconvex for some L = L(Cpy, D). It is
also easy to see that g is an upper gradient for Fu . Next, by the second condition we have

1 1
(4.13) |FN,e(y) = Fve(z)] < 2C|z — g (MCT(g(w)p)P + Mcr(9(y)") ) +2Cz —yle.
Thus, there is a curve yy . such that yy . connects z to y and
| g ds < 20—yl (Merla@))F + M (al0))?) +3Cke e
IN,e

Assume now € > Mcr(g(a:)p)% + Mcr(g(y)p)% is arbitrary. Then since gy > €, we get

ELen(’YN,e) S / 9N,e ds
YN, e

(4.14) 20|z — y| (Mer(g(2)")¥ + Moy (9()")? ) +3C| — yle
(4.15) < 5C|z —yle.

Thus Len(yy,) < 5C|z — y|. Next, let N — oo, and choose a subsequential limit v, of the curves vy ..
Then for every N, using lower semi-continuity, we get

IN

(4.16) / gne ds < liminf Ine ds
Ye M—=oo Jyy
(4.17) < lim inf/ M.
M—o0 ar
(4.18) < 20 — ol (Men(g(@))? + Mer(g(y)")? ) +3C|z — yle

Now, letting N — oo, we get

(4.19) / G+ ds < 201z — y| (Mo, (9(2)")F + Mey (a(w)?)? ) +3Clz — yle

€
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Letting € — (MCT(g(as)p)% + MCr(g(y)p)%), taking a sub-sequential limit v of 7. and using lower semi-

continuity of g we get the desired estimate

[ads< [g< 50t~ ol (Mertgla)) + Mor(glu))?)

We remark, that this final limiting process is only necessary if (Mcr(g(gc)f’)% + Mcr(g(y)P)%> = 0.
Otherwise, we could just set € = (Mc,»(g(x)p)% + MCT.(g(y)p)%> .

Next, we present a different argument for Keith-Zhong self-improvement based on ideas from [18], where
the authors show general self-improvement phenomenon for Maximal-function estimates. There, a crucial
role is played by a sub-multiplicative quantity. For us the relevant quantity is the following.

Let z,y € X be given and denote by r = d(z,y). Denote by

(4.20) Eeyrc =1{E C B(z,Cr)U B(y,Cr)|E open and Mc,1g(z) < 7, Mcr1p(y) < 7}

the set of admissible obstacles. Denote by Fﬁy the set of rectifiable curves v parametrized by length on the

interval [0, Len(7y)] such that (0) = z,y(Len(y)) = y. Then define

1
4.21 a(r,C) = sup sup inf 7/ 1g ds.
( ) ( ) z,y€X E€€s y,r,C ’YEng d(.’I}, y) v
Note, for example, that a(1,C) =1 for a geodesic space.
Also, define the quantity

) log(a(r,C))
(4.22) B(C) hrff}Jm log(r) "
In fact, we could replace the limit superior by a normal limit due to sub-multiplicativity. It is easy to see,
that for any C' and any p > 1/8(C) we have that the space is p-max connected. Further, we have the
following result.

Theorem 4.23. If (X, d, u) is a proper D-doubling and p-maz-connected metric measure space with constants
(C,C"), then it satisfies a (1,q)-Poincaré inequality for every q > p.

Proof: We show that the space is Ag-connected for every ¢ > p with constants (Coo, Do) (see below for
definitions of these), from which the result follows by Theorem 1.5. The core steps of the argument are the
same as [7, Theorem 3.10], and we refer for more details to that proof. Here, we state only the main outline.
Without loss of generality, we only need to verify Ag,-connectivity for continuous functions.

First, by a limiting argument it is enough to prove the following inductive statement. Choose M =

max ((4p+q+2C’pD4)p%q,4D%) and 6 = C’ <4q;£4>5 < t-. Abbreviate D,, = (CM + CM(M§) + - +
CM(Ms)"Y) and Cp, = (C+C6+---+C(6" 1)), and Do = lim,, 500 D, and Cop = lim,, 00 C,,. We show
the following induction statement, from which the A, connectivity can be deduced.

Pn: For every v,w € X with d(v,w) = r, if h is a continuous locally bounded function supported on

B(v,Coor) N B(w, Coor) with

(4.24) (M h®)(0)7 + (Mo ) (w)7 < 1,
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then there is a 1-Lipschitz curve fragment v: K — X with

(4.25)

(4.26)

(4.27)

Len(y) < Cyr,

/h ds < Dy,
y

[Undef(y)| < 6"d(v, w),

and for all gaps (a;,b;) of v we have

(4.28)

1 1
(Mcd(v(as) P (v(ai)) s + (Mcdty(as)ymo)) R (v(b:)) 7 < M™.

In the following, we assume v, w,r, F, h to be as in the statement of P,,.

(1)

(4.29)

(4.30)

Base Case P;: Let Eyy = {Mg__-h? > M?/49}. By Lemma 2.9 applied to C = {v,w} and R = Cwor,
we have Mo, 1g,,(v) < 2:49D*/M9 and M¢c__,1g,, (w) < 2-49D*/M4. Thus, by p-max-connectivity,
there is a 1-Lipschitz curve v: [0, L] — X connecting v to w such that Len(vy) < Cyr and

1
Qa1 DA\ »

/
/VlEdSSC( T ) T.

Parametrizing by unit speed and restricting this curve to the complement of y~1(Ej;) we obtain the
desired curve fragment. Since the curve fragment avoids Ej;, we have the desired maximal function
estimate (4.28). The integral bound (4.26) and length estimate (4.25) follow since h is continuous
and h < M on the complement of Ej;.

Assume P, and show P, : First, by P,, we can find a curve fragment v': K’ — X such that it
satisfies estimates (4.25), (4.26),(4.27) and (4.28) with n. We will next “fill in” the gaps of 4/, and
slightly dilate them, in order to construct our desired curve fragment ~.

First, denote by (a}, b;) the disjoint gaps in +’. Dilate each of them by a factor Cd(v'(a;),v(b}))/]bi—
a;| in order to obtain a 1-Lipschitz curve fragment, denoted by the same symbol in order to reduce
clutter, v/: K’ — X. This curve fragment will have the same length, will be 1-Lipschitz and
min(K’) = 0,max(K’') < Cpr + Cé"r < Cy,y1r. Further, the curve fragment satisfies the same
estimates (4.28) and (4.26). Denote |b; — a;| = d;, and thus with the dilation factored in we have

d(v'(a;),~v(b;)) = d;/C and

> di < OO

For details on such a dilation procedure see [7].
Now, for every gap in this new curve fragment we have

1 1 n
(Mca,)ch? (' (a7)) 7 + (Mea,ch? (7' (b)) 7 < M™.
Thus, by a scaled version of Py, we can find a curve fragment v;: K; — X connecting v/(a;) to v'(b;)

with min(K;) = 0, Len(y;) < C1d;, [ hds < M"Dyd;/C < M"*'d; and for every gap (a5, b}) of ]
we have

P i i i n
(Moatita) v h? (i(a5))7 + (Mo dgaat) v ooy h? (:(05))) 7 < ML
Extending by a constant path at the end, we can assume that max(K;) = C1d;.

We form K = K' U, a; + K; and defining ~(t) = +/(t) if t € K', and () = vi(t — a;) for
t € a; + K;. Clearly ~ is 1-Lipschitz, and thus Len(vy) < max(K) = max(K') < Cy 417 (establishing
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(4.25)). Next, Undef(y) = |, @, + Undef(v;), and thus |Undef(y)| < ", dd;/C < 6"r, which gives
(4.27). Finally, equation (4.30) and the previous observation on the gaps gives (4.28). The final
estimate (4.26) follows from (4.29) and

/hds:/ hds—i—Z/ hds < Dypr+ Y M"'d; < Dpyar.
el v’ e D i

This concludes the induction step and thus the proof.
O

Theorem 4.31. If (X,d, ) is D-doubling and A,-connected (with constants C,C" ), then it is A,_.-connected
for all0 < e < e(D,C,C’', p) with constants depending on ¢,C,C", p.

Remark: Note that p-max-connectivity may fail to self-improve, as can be seen by considering the space
arising from gluing two copies of R™ along the origin.

Proof: We can assume by a bi-Lipschitz deformation that the space is geodesic. This will change the
constants involved in the theorem, and thus the dependence of the self-improvement. Recall the definitions
of a, B in (4.21) and (4.22). As discussed above, it is sufficient to show that there is an (C, C’, p), such that
the space has 8(C") > 1/p +n(C,C’,p) for some C”, from which the result follows by Theorem 4.23.

Clearly the space is p-max-connected. Thus, we would expect something like (M, L) < C"M'/Pa(r, L)
for some constant L, C”. We prove a slightly better estimate, that for some k € NM > 2,0 < d < 1 and
for all L > 1 and 7 < M~ we have

o(7,C + L) <§ max M~/Pa(M'r,L).

i=1,...,
Define C,, = Z?:_()l C6' 46", and Co = lim,, o0 C,,. Iterating this estimate starting with L = 1 gives for
N > 2
a(M_kN,CN,l) < 6N—1M—k(N—1)/pa(171) — gN=1p—k(N-1)/p

Thus, if M—*N+D < 7 < M~#N then log,,(7)/(=k) —2 < N — 1 < log,,(1)/(=k) — 1, and

a7, Cs) < a(M™FN Cn_y) SNTINMFIN=D/Po(1,1)

510831\4(T)/(_k)_QM_k(IOgM(T)/(_k)—2)/P
5*2M2]€/;D7_1/p+logM(5)/(*]@) .

INIACIA

This gives the estimate 5 > % + _I%M(é), which gives a Poincaré inequality for g > Wi(é)p’ which
proves the Keith-Zhong result.

Next, fix M = max{2P, D3},0 < § < 1,k > 1 to be determined later. Let z,y € X and E € &,y c+sL,7
be arbitrary. Assume 7 < M k. Define E; = {z|Ms1,1g > Mit} fori=1,... k.

k
1 _
h==Y M/Plp,.
Note that £; C E; for ¢ < j. Now, take an aritrary 0 < s < Cr and for z = z,y, and apply Lemma 2.9.
In order to apply it, we need M > D3,
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k
2 uw(E; N B(z,s))
hP dy < MY
]i(z,s) kp z:zl IU’(B(sz))
2 K
< 5 > MIMig,(z)
i=1
2D*
< 22 (M1s(e) + Mip(y)
4D*
< =
S
1
Thus (Mcrhp(x))% + (MCThp(y))% < 2(45;41)17 . And by A,-connectivity, there is a curve v such that
k P
Len(vy) < C'r,
and
20" (4D*)»
/h ds < #T’.
gl kv

Thus, there must be some index 7 such that

4 2C"(4DY)
/].EiMz/p ds < %T‘.
v ko
20/(4D4)%

First parametrize v by unit speed on the interval [0, Len(y)] to be a 1-Lipschitz curve. Then, restrict the
domain of 7 to a large compact set K such that min(K) = 0, max(K) = Len(y),

Now, abbreviate § =

’
7 =1k,
and v/ (K) = v(K) N E; = . Further, choose K large so that |0, Len(K)] \ K| = |Undef(v")| < dr.
Let (a},b’) be the gaps of 7/, and denote by d} = d(v(b}),v(a})). By assumption, we have

Sodp <3 af| < oM
J J

Now, re-scale each gap similar to Theorem 4.23, to obtain a curve fragment +”: K” — X, which is
1-Lipschitz and such that min(K”) = 0 and " (min(K")) = z,7"”(max(K")) = y. Further, we can require
that for all the gaps (a},b]) we have the estimate Ld(v(a}),v(b])) = [b] — a/|. Index the gaps so that
d; = d(y(a}),(b])). We obtain the estimate

max(K") < Len(y') + Lor < (C + Lé)r.
For each gap, since v/ (K") N E; = (), we have
MLdle('y(a;-’)) < M'r and MLd71E(’7(b;I)) < Mir.

Thus, by the definition of a(M"r, L), there exists 1-Lipschitz curves 7 : [0, Ld;] — X connecting ~"(a) to
7" (b) of length at most Ld} = b} — aj| with
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/ 1p ds < djo(M'7, L).
,Y//

J
Finally, define v": [0, max(K")] — X by 7"'(t) = v"(t), when t € K", and v"'(t) = v} (t — af), when
€ (all.b)).
Clearly ~" is 1-Lipschitz. Thus we have,

Len(y") < max(K") < (C + Ld)r.
Further,

/ lpds = /1Ed5+2/ 1g ds
~!" 5! - 'Y;,

IN
(]
S
2
=
i
=

< SM~YPo(M'r, L)r
< or max M~ ’/poz(MlT L)

.....

Thus, taking suprema over all sets £ € &, , c+sr,- and all pairs z,y gives

a(T, C’—|—5L)<§ max M~ YPo(M'r, L)

[RRRE}

We required that § = M < 1, which is obtained once k = (4C")7-1 (4D)

kp

Finally, with the above choice of k, we see what the bound for ¢ is. For any p we have

logmax(Qp,DS) (2)p
q>p— 5 1 'z
(4C/) Pt (4D) p=1 + logmax(2P,D3)(2)p

and thus a bound for € of Theorem 1.6 of the form

lo » 2
(4.32) €< Emax(2 ,DS)( )P »

(4C") 7T (AD) 7T + 108,020 p%) (2)P

This may be simplified if 27 > D3, in which case we obtain the bound

1
(4C") 75T (D)7 T + 1 P
As p further increases, the asymptotic behavior of this expression is 40, —1- This seemingly looses depen-
dence on the doubling constant D. However, Theorem 1.5 gives that the Ap-connectivity constant is related

to both Cpy and D. More precicely, by using similar techniques to [11] and the arguments in Theorem 1.5,
we can show that C’ < 26D3Cp; suffices, which gives the following bound for Theorem 1.4 (when 2P > D3)

e <
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p
(28D3Cp) 7T (4D)7 T +1

e <

which is a better bound than above.

Combining the results of this section we obtain the following characterization result for Poincaré inequal-

ities when p > 1.

Theorem 4.33. For a proper metric measure space (X,d, p) the following conditions are equivalent.

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

(1) X satisfies a (1,p)-Poincaré inequality and is D-doubling for some D > 0.
(2) X is A,-connected.
(3) X is g-maz-connected for some q < p.
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